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Multi-Mode Coupling Wave Theory for Helically
Corrugated Waveguide
Liang Zhang, Wenlong He, Kevin Ronald, Alan D. R. Phelps, Colin G. Whyte, Craig W. Robertson,
Alan R. Young, Craig R. Donaldson, and Adrian W. Cross
Abstract—Helically corrugated waveguide has been used in
various applications such as gyro-backward wave oscillators,
gyro-traveling wave amplifier and microwave pulse compressor.
A fast prediction of the dispersion characteristic of the operating
eigenwave is very important when designing a helically corrugated
waveguide. In this paper, multi-mode coupling wave equations
were developed based on the perturbation method. This method
was then used to analyze a five-fold helically corrugated waveguide
used for X-band microwave compression. The calculated result
from this analysis was found to be in excellent agreement with the
results from numerical simulation using CST Microwave Studio
and vector network analyzer measurements.
Index Terms—Coupling coefficients, coupling wave theory
(CWT), dispersion curve, helically corrugated waveguide.
I. INTRODUCTION
S TRAIGHT hollow metal waveguides with uniform crosssection can only support modes whose phase velocity is
larger than the speed of light, while waveguides with periodic
corrugations can propagate modes with phase velocity less
than the speed of light and are suitable for particle beam-wave
interactions. Periodically corrugated waveguides have been
used in many applications, including slow-wave structures with
axial periodicity for conventional backward wave oscillators
(BWOs) and traveling wave tubes (TWTs)[1], and magnetrons
[2] with azimuthal periodicity. Corrugated waveguide struc-
tures have also been used as Bragg reflectors [3], [4]. The
helically corrugated waveguide, which contains both axial and
azimuthal periodicity, has attracted significant interest in the
last 10 years and has successfully found applications in the
gyrotron traveling wave amplifier (gyro-TWA) [5], [6], as a
dispersive medium for frequency-swept microwave pulse com-
pression[7], [8] and in the gyrotron backward wave oscillator
(gyro-BWO)[9], [10]. The electrodynamic properties of the
helically corrugated waveguide are important, as the dispersion
characteristic of the operating eigenwave can be changed by
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choosing different corrugation depths and corrugation periods
to meet the needs of different applications. In a gyro-TWA
or gyro-BWO, a constant group velocity in the operating
frequency range is desired, while in a microwave compressor,
a linearly varying group velocity in the frequency band is
preferred.
Several methods have been developed to investigate the dis-
persion characteristics of the helically corrugated waveguide by
analytical and numerical techniques. The simplest and fastest
method to calculate the dispersion curves is the coupled wave
theory based on the method of perturbation [11]–[13]. It as-
sumes that the change in the cross section is small and can be
treated as a first order derivative of a regular cross section. Ref-
erence [12] gives the dispersion relation between two TE modes
and [11] gives the results of the coupling coefficients between
two TE modes, two TM modes, and one TE mode with one TM
mode but no derivations were presented. It is found that when
the corrugation depth is less than 15% of the mean radius of the
waveguide, the coupled wave theory gives reasonably accurate
results. The coupled wave theory played an important role in the
preliminary design of the three-fold helical waveguide in which
the dispersion of the operating eigenwave is simply a result from
the coupling between two TE modes in the operating frequency
range, i.e., the spatial harmonic mode and mode.
However, the three-fold helical waveguide has limited power
capability. A helical waveguide working with a higher eigen-
wave mode can achieve higher power capability as a larger ra-
dius can be used. However operating with higher mode means
more modes would take part in the coupling and therefore the
resultant dispersion curve would be more complicated to cal-
culate. For example, in a five-fold helical waveguide the spatial
harmonic of the mode would couple with the , ,
and modes. The coupled mode equation, which
only considers two TE modes, would therefore not be accurate
in obtaining the dispersion characteristics of the five-fold helical
waveguide. Necessary modifications to include the coupling be-
tween TE and TM modes are required and will be presented in
this paper.
The dispersion curve of the helically corrugated waveguide
can also be numerically simulated by using some computer
codes, such as the finite-element method (FEM), the eigensolver
in CST Microwave Studio, the electromagnetic field solver
in the particle-in-cell (PIC) code MAGIC and the transient
solver in CST Microwave Studio, which use a finite-difference
time-domain method (FDTD) [14]. By using these codes, ac-
curate results can be obtained if the mesh grid is dense enough.
However, these 3-D simulations have the disadvantage of re-
quiring long computational times to complete the simulations,
0018-9480/$26.00 © 2011 IEEE
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for example, two or three days on a powerful desktop PC using
a reasonably dense mesh grid and they are therefore not suitable
for optimizing the dimensions of the helical waveguide for a
particular application.
It should be noticed that the helically corrugated waveguide
can also be regarded as a type of twisted waveguide. A helicoidal
coordinate transform can be employed to convert the twisted
waveguide into a straight uniform waveguide, thus downgrading
the 3-D problem into a 2-D one [15]. The price of using this
technique is the uniform material properties in the twisted wave-
guide will become non-uniform and position dependent. This
transformation method can greatly reduce the computing time
in resolving the eigenwave dispersion when applying the FEM
and FDTD methods in the 2-D geometries [16], [17]. It should
be noted that the dispersions of the coupled waves and those ini-
tial partial waves are all existing and calculated at the same time
when this method is used. The dispersion curves of these modes
would be interweaved and very close to each other, especially
when a higher modes are considered. Therefore the dispersion
curves of the operating eigenwaves of the helically corrugated
waveguide would be difficult to identify. The field patterns of
the eigenmodes can be helpful when identifying the operating
dispersion curve, however, it is very difficult to recognize by
computer automatically, thus it is not suitable for the optimiza-
tion routing. On the other hand, this operating eigenwave from
the transformation method can be easily identified by using the
calculated result from the coupled wave theory as a reference.
It is evident that the analytical calculation using the coupled
wave theory is very useful in the preliminary design of the he-
lically corrugated waveguide. It is also useful to accurately and
rapidly predict the dispersion of the eigenwave when used in
combination with the transformation method. In this paper, a de-
tailed description of the coupling coefficient between TE modes
and TM modes and the extended eigenwave equations caused
by multi-mode coupling are discussed in Section II. Dispersion
calculation of a five-fold helically corrugated waveguide is de-
scribed in Section III. The comparison between the theoretical
calculation and the experiment is presented in Section IV.
II. PRINCIPLE OF THE COUPLED WAVE THEORY
The equation of the helical profile of the inner surface in a
cylindrical coordinate system can be written as
(1)
where is the mean radius of the circular waveguide, is the
corrugation depth, is the fold number, and is the axial pe-
riod of the corrugation. When the corrugation depth is not zero,
two modes will couple when their axial and azimuthal wave
numbers satisfy the synchronism conditions
(2)
where and are the axial wavenumbers of modes 1 and 2,
and and are the azimuthal indices of modes 1 and 2,
respectively.
Fig. 1. Coupling between the   mode and the spatial harmonic  
mode in a three-fold helical waveguide.
In three-fold helically corrugated waveguide, the mode
would couple with the circularly polarized mode of op-
posite rotation and generate an operating eigenwave, as shown
in Fig. 1. From the synchronism condition, coupling between
higher modes requires larger fold number . However, with
larger more modes would satisfy the synchronism condition
and they would couple with each other and hence contribute to
the dispersion characteristic.
A. Coupling Coefficients
The coupling coefficient is the basis of the coupled wave
theory as it indicates how strong the coupling between two
modes is. In this paper, we start from the general equations
of the coupling coefficients between two TE modes, two TM
modes and one TE (mode ) to one TM (mode ) modes as
shown in (3). The derivation of these equations can be found
in [18], which contains a detailed introduction to the coupled
mode theory
(3)
where is the function to describe the difference between the
perturbed non-uniform waveguide and the uniform waveguide.
When , there is no coupling between the two modes.
, are the axial wave numbers of the coupled modes and
is the free-space wave number. , are the transverse wave
numbers of modes and . , are the transverse eigenfunc-
tions of the TE and TM modes of the unperturbed regular wave-
guide. is the normal vector directed towards the waveguide
wall. is chosen so that axes , , to form a right-handed co-
ordinate system.
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In circular waveguide, the transverse wave number and eigen-
function in a cylindrical coordinate system are in the form of
for TE mode
for TM mode
(4)
(5)
where is the zero of the derivation of and is the
first kind of Bessel function. is the root of . In prac-
tical applications, the operating mode in the helically corrugated
waveguide always satisfies . As the radial number in the
modes does not contribute to the following derivation, symbols
and are used to denote the azimuthal number of the two
coupling modes for simplicity.
The difference between the helically corrugated cross sec-
tion and the circular waveguide at position can be written
as . For a small corrugation, we have
. As is in terms of the first-order derivation of
the mean radius, if only the first-order approximation of the cou-
pling coefficient is taken into account then only the zero-order
approximation of the other terms in (3) needs to be consid-
ered. In polar coordinates, we can simply make and
. Substituting these into (3), we can get a simpler form
of the coupling coefficients, as
(6)
In the helically corrugated waveguide, only the modes that
satisfy the synchronism conditions can couple with each other.
Thus we have . It should be noted that, in the prac-
tical application, is always chosen as a negative value indi-
cating an opposite rotating mode and hence also is a nega-
tive value. The integral in this equation will become unity if we
apply the synchronism condition. Then the final coupling coef-
ficients for the helically corrugated waveguide become
(7)
Equation (7) has the same form as the ones in [11], while the
coupling coefficient in [11] has been normalized to .
B. Coupled Mode Equations
Although the coupling coefficient indicates the strength of the
coupling between two modes, it is useful to know the strength
of the coupling modes in the resultant eigenwave. They can be
solved from the coupled mode equations [18] and the coupling
coefficient, as
(8)
where , are the normalized voltages of mode and in
the helically corrugated waveguide, respectively, and
is the phase of mode or in the waveguide, and
is the phase difference between
the two coupled modes in the waveguide with the length of one
period . becomes if the synchronism conditions are ap-
plied.
The normalized voltages of mode and in the helically
corrugated waveguide can be solved as
(9)
where
They are completely determined by which is dependent on
the axial wavenumbers of the coupling modes and the coupling
coefficient.
C. Dispersion Curve Function
The new dispersion curve caused by two-mode coupling will
satisfy the following equation:
(10)
where , are the dispersion relations of the coupling modes
which are functions of the axial wavenumber . For a TE/TM
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Fig. 2. Coupling modes in a five-fold helical waveguide.
mode in the circular waveguide, the dispersion relation can be
written as
(11)
Because, as noted in Section II-A, mode is the negative
spatial harmonic wave, the dispersion curve is shifted to the left
by to produce the following dispersion relation:
(12)
Equation (10) is a fourth-order linear equation. Given a wave
number , we can get four eigenvalues by solving the equation.
However, only two of them have practical physical meaning,
and they are named as upper coupled mode and lower
coupled mode . If there is no coupling between the two
modes, that is , the eigenfunction will degenerate into
two separate dispersion curve functions, i.e., and
. The and will degenerate into the
previous uncoupled partial eigenwaves.
There is no straightforward dispersion curve equation avail-
able that can take into account all of the considered modes for
a helically corrugated waveguide operating in a higher mode.
However, from the dispersion diagram, it is clear that the cou-
pling frequencies between any two modes, as shown in Fig. 2
which shows the five-fold helical waveguide case, are different.
Thus an alternative method is to calculate the coupled eigen-
waves in sequence by using the two-mode coupling equation,
either from the lower frequency to the higher frequency, or vice
versa. Here the sequence from higher to lower frequencies is
used. First, two eigenwaves and can be re-
solved from (10)–(12). Then eigenwave does not have
an intersection with the next mode, thus it is saved as an eigen-
wave ( in Fig. 2). Eigenwave couples with the next
mode to generate ( in Fig. 2) and by using
(10), while here refers to the eigencurve and
, are the axial wavenumbers in the intersection of mode
and the next coupled mode. By repeating this process,
all the eigenwaves caused by the mode coupling in the helically
corrugated waveguide can be obtained.
Fig. 3. Schematic view of the five-fold helical waveguide.
III. DISPERSION CALCULATION OF A FIVE-FOLD HELICALLY
CORRUGATED WAVEGUIDE
One of the applications of the helically corrugated waveguide
is as a dispersive medium for pulse compression. A three-fold
corrugated waveguide operating in X-band was previously de-
signed and was used in an experiment that achieved a compres-
sion factor of 25 [19]. The maximum power capability of the
waveguide is about 1 MW. To pursue higher power capability
[20], a five-fold helically corrugated waveguide with larger ra-
dius operating in the same frequency range has been investi-
gated. A general schematic view of a five-fold helical wave-
guide is shown in Fig. 3. The desired coupled modes are the
spatial harmonic mode and the mode. As known
from the synchronism condition, besides the mode, the
possible modes that can couple with the are the and
modes in the lower frequency range and the effects need
to be investigated.
A fast prediction of the operating dispersion curve can be ob-
tained by using the multi-mode coupling method, as shown in
Fig. 2. The cut-off frequency of the mode is much smaller
than the and modes, thus it will not contribute to
the operating eigenwave in the frequency range of interest for
the microwave compressor. The choice of the mean radius of
the helically corrugated waveguide needs to balance the disper-
sion characteristic as well as the power capability. A smaller
has a larger cut-off frequency gap between the , and
modes, thus it is possible to reduce the effect caused by
the coupling between the and modes. However, a
small radius can also reduce the power capability, which is op-
posite to the original aim. The axial period of the helical wave-
guide determines the intersection points of the coupled modes,
and the corrugation depth greatly contributes to the coupling
coefficients, a larger corrugation depth results in stronger cou-
pling. An optimum set of parameters can be searched for simply
by parameter sweeping, or from an optimization algorithm to
find an optimum balance among the requirements, such as the
power capability, the operating frequency range, and the disper-
sion characteristic of the operating eigenwave.
IV. COMPARISON BETWEEN THE CALCULATION AND
THE EXPERIMENT
The five-fold helically corrugated waveguide was studied
with dimensions of 32.84 mm, 2.43 mm, and
33.26 mm. The dispersion curve was also measured using a
65 GHz vector network analyzer (VNA) (Anritsu 37397A).
The experimental setup is shown in Fig. 4. From left to right, a
rectangular to circular mode converter ( in Fig. 4) was first
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Fig. 4. Experimental setup for measuring the dispersion curve of the five-fold
helical waveguide.
Fig. 5. Dispersion curve from coupled mode theory, CST Microwave Studio
simulation, and the VNA measurement.
used to convert the fundamental mode in rectangular
waveguide to a linearly polarized mode in the circular
waveguide. This is followed by an elliptical polarizer ( in
Fig. 4) that converts the linearly polarized mode into a left
hand rotating wave. A four-fold helical mode converter
( in Fig. 4) was then used to convert the circularly polarized
mode into a circularly polarized mode. The mode
convertor was designed to have conversion efficiency
in the frequency range of 8.75 10.0 GHz. Finally a five-fold
helical taper ( in Fig. 4) was used before introducing the
mode into the five-fold helically corrugated waveguide
( in Fig. 4) to make sure the mode smoothly converted
to the operating eigenwave without reflection. On the other side
of the helical waveguide, the same configuration was used.
Fig. 5 shows the dispersion curves calculated from the cou-
pled mode theory, simulated from the eigensolver in CST Mi-
crowave Studio as well as measured by the VNA. From the cou-
pled mode calculation, there are four eigenwaves resulting from
the mode coupling between the and the , the ,
and the modes. Eigenwave 2 is the operating eigenwave
for microwave compression. The dispersion curves from cou-
pled mode theory, simulation using CST Microwave Studio and
measurement using a VNA agree well with each other in the fre-
quency range 8.75 10.0 GHz, as shown in Fig. 5.
However the measured dispersion at the lower frequency
band 7.6 8.75 GHz underwent a change of trend. This is
due to the fact that the frequency is out of the operating band
of the -to- mode convertor. The dominant power in
the helically corrugated waveguide is still in the mode
in this lower frequency band. If the measured result in this
frequency range is shifted by a factor of , where is
an integer, and is the length of the helically corrugated wave-
guide in the measurement, it agrees well with the dispersion
curve of the mode, as shown in Fig. 5. At a frequency
of 8.6 8.8 GHz a small content of the mode exists in
the helical waveguide in conjunction with the mode, this
causes the measured dispersion result in this frequency range to
be spiky as it is the mixed phase information of the two modes.
V. CONCLUSION
In this paper, a detailed description of the multi-mode cou-
pled wave theory for calculation of the dispersion characteristic
of helically corrugated waveguide is given and it is applied to an-
alyze a five-fold helical waveguide. This calculated result from
the theory was found to be in good agreement with the CST
Microwave Studio simulation result, as well as the VNA mea-
surements.
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